Abstract. In this paper, we establish the blow-up theorems of Fujita type for a class of exterior problems of nonlinear diffusion equations subject to inhomogeneous Neumann boundary conditions. The critical Fujita exponents are determined and it is shown that the critical curve belongs to the blow-up case under any nontrivial initial data.
Introduction
In this paper, we consider the critical curve of the following coupled diffusion system with inhomogeneous Neumann boundary conditions Study on critical exponents began from 1966 by Fujita in the work [6] . He considered the Cauchy problem
where u 0 ≥ 0. It was shown that the problem has no non-trivial global solutions if 1 < p < p c = 1 + 2/N , whereas if p > p c , there exist both global (with small initial data) and non-global (with large initial data) solutions. We call p c the critical Fujita exponent. Later, it was proved by Hayakawa [7] and Weissler [10] that p = p c belongs to the blow-up case. From then on, there have been a lot of works on the critical exponents of Fujita type for various nonlinear evolution equations and systems [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] . Among these, Zeng [12] investigated the blow-up theorems of Fujita type for the following inhomogeneous problems
where m > 0, p > max{1, m}, f (x) and u 0 (x) are nonnegative continuous functions in R N with f (x) ≡ 0, and
where m > 0, p > max{1, m}, f (x) is a nontrivial nonnegative continuous function on ∂D, u 0 (x) is a nonnegative continuous function in D c . The author proved that p c = m+2m/(N −2) + is the critical exponent of both the problems.
As for coupled systems, Escobedo and Herrero [5] studied the Cauchy problem
They proved that the critical Fujita curve is (pq) c = 1 + 2 N max{p + 1, q + 1}, namely, every solution blows up in finite time if 1 < pq ≤ (pq) c , and there exist both global and non-global solutions if pq > (pq) c .
Furthermore, Yang et al. [11] studied the fast diffusion system
where 0 < m, n < 1, p, q ≥ 1, pq > 1, and determined the critical curve
The aim of this paper is to determine the critical curve to the coupled diffusion system (1.1). In the present paper, we prove the critical Fujita curve for the system (1.1) is also
Namely, every solution blows up in finite time if pq < (pq) c , and there exist both global and non-global solutions if pq > (pq) c . Further, we prove that the case pq = (pq) c belongs to the blow-up case. The method we used is similar to [1, 2, 3, 9, 11, 12] .
Main results and their proofs
First, we give the definition of the solution to the problem (1.1).
Definition 1.
A pair of functions (u, v) is said to be a weak solution of the
The standard theory of parabolic equations ensures the well-posedness of the problem (1.1). Furthermore, we introduce the comparison principle ( [4, 8, 13] ) and the monotonicity property( [12] ) of the system (1.1) and omit the proof.
) and satisfy
Lemma 2. The nonnegative solutions of (1.1) with zero initial data must be monotone increasing to t for both components u and v. Now, we prove that the Fujita critical curve is
The main results are as follows.
Theorem 1. If pq ≤ (pq) c , then the system (1.1) has no nontrivial nonnegative global solution.
Proof. Without loss of generality, assume mp ≥ nq. Let R 0 > 1 be a fixed constant such that D ⊂ B R0/2 (0). For R > R 0 , T > 1, choose two smooth functions ψ R (x) and η T (t) satisfying:
Here and in the sequels, we use C to represent positive constants independent of R and T . Suppose by contradiction that (u, v) is a nontrivial global solution of (1.1). Define
where l > max{p/(p − 1), q/(q − 1)}. Noting the direction of ν and η T (T ) = 0, we have
Since for any i = 1, 2, · · · , N ,
Then,
Using Hölder's inequality and noting l > max{p/(p − 1), q/(q − 1)}, we have
Together with (2.2), we have
Similarly,
Consequently, we can obtain
As p > max{1, n}, q > max{1, m}, by Young's inequality, we have
Hence,
pq−mn < δ/4. For the fixed R, we can choose T such that pq−mn = 0. From Lemma 1, it suffices to prove the blow-up of (u, v) with u 0 = v 0 = 0. By Lemma 2, u t , v t ≥ 0. Choose T > 0 large such that the sum of first three terms in right hand side of (2.7) is smaller than 1. It follows from (2.6) that for fixed R > R 0 ,
Due to v t ≥ 0 and the arbitrary of T , we have B R/2 v p (x, t)dx ≤ C for t > 0 and hence
Since I ∞ R is increasing with R, lim R→∞ I ∞ R exists. So, for any ε > 0, there exists R 1 , such that for R ≥ R 1 ,
Similar to (2.1), we get
By Hölder inequality, (2.3) and (2.9), we have
From (2.4), (2.5), (2.10) and pq = (pq) c , we obtain
By Young inequality, we have
which implies
pq/(mn) , there exists R 2 , such that for a fixed R > R 2 , (2.9) is valid. Then choose T large enough such that (2.8) holds, a contradiction. 
